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Evaluation of Thermochemical Models for Particle and
Continuum Simulations of Hypersonic Flow

lain D. Boyd* and Tahir Gokgen*
Eloret Institute, Palo Alto, California 94035

Computations are presented for one-dimensional, strong shock waves that are typical of those that form in
front of a re-entering spacecraft. The fluid mechanics and thermochemistry are modeled using two different
approaches. The first employs traditional continuum techniques in solving the Navier-Stokes equations. The
second approach employs a particle simulation technique, the direct simulation Monte Carlo method (DSMC).
The thermochemical models employed in these two techniques are quite different. The present investigation
presents an evaluation of thermochemical models for nitrogen under hypersonic flow conditions. Four separate
cases are considered that are dominated in turn by vibrational relaxation, weak dissociation, strong dissociation,
and weak ionization. In near-continuum, hypersonic flow, the nonequilibrium thermochemical models employed
in continuum and particle simulations produce nearly identical solutions. Furthermore, the two approaches are
evaluated successfully against available experimental data for weakly and strongly dissociating flows.

Introduction

A SPACE-VEHICLE passing through the Earth's atmo-
sphere will traverse a number of different flow regimes.

At lower altitudes, the fluid density is sufficiently large for
the flow to be considered in thermochemical equilibrium.
However, as the vehicle ascends higher into the atmosphere,
the molecular collision rate falls, and low-density effects be-
come increasingly important.

Continuum methods are successfully applied to flows in
which the collision rate of the gas is sufficient to maintain
Boltzmann energy distributions for the various thermal modes
of the gas. It is not necessary that the temperatures associated
with each of the different modes be equal, or that chemical
equilibrium prevails. Particle methods, such as the direct sim-
ulation Monte Carlo method (DSMC), are successfully ap-
plied to flows in which a reduced collision rate no longer
supports equilibrium energy distributions. As the numerical
cost of this technique is proportional to the fluid density,
application has mainly been limited to rarefied flows.

The computation of flow properties for the flight trajec-
tories of many space vehicles require the use of both contin-
uum and particle methods mentioned above. The interface
between the different flow regimes is therefore of great im-
portance. Clearly, it is desirable to obtain consistent results
with these numerical methods in an overlapping near-contin-
uum flow regime. Although the thermochemical models em-
ployed in continuum and particle methods are quite different,
under conditions of thermochemical equilibrium they are ex-
pected to provide identical solutions. The relationship be-
tween the continuum and particle simulations under condi-
tions of thermochemical nonequilibrium, however, has not
been thoroughly investigated. Therefore, it is the purpose of
this article to study this relationship by computing typical
hypersonic flows with both the continuum and particle sim-
ulation methods.

Evaluation of the thermochemical models is made through
the computation of four different cases. The flow conditions

in the studies are given in Table 1 and are chosen to examine
the effects of vibrational relaxation, dissociation, and ion-
ization. These processes are considered in an accumulative
sense through a gradual increase in the initial enthalpy of the
flow. The continuum and particle approaches employed in
this work are briefly described below.

Continuum Approach
In the continuum formulation, a nonequilibrium 11-species

gas model for air (N2, O2, NO, N, O, N2
+, O2

+ , NO + , N + ,
O + , e ~ ) has been implemented. The thermal state of the gas
is described by three temperatures: 1) translational, 2) rota-
tional, and 3) vibrational-electronic. The governing Navier-
Stokes equations are supplemented by the equations account-
ing for thermochemical nonequilibrium processes. The equa-
tion set consists of 15 partial differential equations: 11 mass
conservation equations for species, one momentum equation
for quasi one-dimensional flow, and three energy equations.
Since the experimental data is for nitrogen gas, the subset
(N2, N, N2

+, N + , e ~ ) of the air model relevant to the dis-
sociation and ionization of nitrogen is active. The thermo-
chemistry model is basically that proposed by Park.1-2 The
relaxation time for vibrational-translational energy exchange
is taken from Millikan and White3 with Park's modification
which accounts for the limiting cross section at high temper-
atures. Another of Park's modifications concerning the dif-
fusive nature of vibrational relaxation is not included, which
is consistent with the current particle model. For vibration-
dissociation coupling, the average vibrational energy lost or
gained due to dissociation or recombination is taken as 30%
of the dissociation energy.1 The chemical reaction rates are
prescribed by Park's model where the basic dissociation rate
is assumed to be governed by the geometric average of trans-
lational and vibrational temperatures.

The numerical approach to solve the governing equations
is fully implicit for fluid dynamics and chemistry. It uses flux
vector splitting for convective fluxes and shock capturing. An
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Case
1
2
3
4

£/!, m/s
4,000
4,800
7,310

10,000

Pi, kg/m3

1.75 x 10~3

4.67 x 10"2

7.48 x 10-3

5.00 x lO"4

Pi, Torr
1.17

31.2
5.00
0.33

U2, m/s
541
480
496
640

406
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Table 2 Leading constants in chemical rate

1.
2.
3a.
3b.
4a.
4b.
5.

N,
N,
N +

N
N -
W
N -

Reaction
+ N, -> 2N
+ N-> 2N
+ N7-» N

+• N,+ -> N +

f N _>, N +
+ e~ -» N

f e - -*N +

+ N,
+ N
+ N +
+ N,

•f e~
+ N
+ 2e-

Continuum2

1.16 x io~8 r-1-6

4.98 x 10~8 r-16

1.66 x 10- 18 r)5

See Ref. 1
7.31 x 10-23 71-5

See Ref. 1
4.15 x io4 r-382

data, m3/molecule/s

Particle19 Particle (present)

6.17
1.85
1.67
2.37
2.98
8.88
1.00

x
x
X
X
x
X
X

1 0-97-, .6 797
10-87-i.6 7 14

10-
10-
10-
10-

7 r-°-18 1.66
8 7 -0.52 a 2.34

o 70.77 7_31

"7- 1 - 2 3 1.57
10- 4 5.81

x
x
X
X
X
X
x

10
10
10
10'
10~
10-
10-

13 7-- 0.5

8 7-1.5

18 70.5

14 7 -0.61

23 71.5

17 70.85

8 7-1.0

aSee text for details of an error in this published data.

adaptive grid strategy is also implemented. For the compu-
tations in this article, a quasi-one-dimensional code is used
and a freestream of pure nitrogen is prescribed. The details
of the numerical method can be found in Refs. 4-6.

Particle Approach
The particle simulation code employed in this investigation

provides modeling of the translational, rotational, vibrational,
and electron kinetic energy distributions. These are comple-
mented through simulation of dissociative, recombinative,
ionizing, and exchange reactions. The code is vectorized for
efficient execution on a Cray-YMP. Description of the vec-
torized implementation can be found in Refs. 7 and 8. The
boundary conditions employed in the one-dimensional flow
are reflecting pistons set to the upstream and downstream
velocities. The downsteam velocity is obtained either from
the continuum calculations, or from available experimental
data. The present simulations compute the entire shock struc-
ture from upstream to downstream conditions. Once the shock
reaches a specified location, small adjustments are made to
the coordinate system of the computational grid to maintain
a steady shock position.

The rate of energy exchange between the translational and
rotational energy modes is simulated using a probability func-
tion evaluated using the energy of each collision.9 The me-
chanics of rotational energy exchange is performed by the
Borgnakke-Larsen10 approach. The rate of energy exchange
involving the vibrational energy mode is simulated using a
high-temperature model.11 The mechanics of vibrational en-
ergy exchange are computed using two different schemes. The
first uses the Borgnakke-Larsen approach with a continuous
vibrational energy distribution described by a fixed number
of vibrational degrees of freedom fv . The second approach,
due to McDonald,12 allows sampling of postcollision vibra-
tional energy levels from the discrete form of the simple har-
monic oscillator (SHO). This approach does not require the
value of (v to be estimated for the whole flowfield. Instead,
it effectively varies fv according to the local energy content
of the flow, therefore, it is the preferred approach from a
physical standpoint. The manner in which the mechanics of
energy exchange is performed in the particle simulation is
shown by Lumpkin et al.13 to affect the rate of relaxation.
Therefore, all the rotational and vibrational relaxation models
employed in the particle simulations are adjusted to match
the continuum values by the correction developed by Ref. 13.

Dissociation reactions are modeled with the vibrationally
favored dissociation (VFD) model proposed by Haas and
Boyd.14 As its name suggests, this model includes the impor-
tant physical phenomenon of vibration-dissociation coupling.
The model contains a free parameter 4> which controls the
degree of coupling between vibrational and dissociative re-
laxation processes. It was demonstrated in Ref. 14 that by
increasing the value of (/>, it is possible to increase the dis-
sociation incubation time in the simulation. Also in Ref. 14,
through comparison with experimental data, the value of </>
for nitrogen was determined assuming Borgnakke-Larsen me-
chanics for vibrational energy exchange with a fixed value for
£v. In the DSMC code, the model employed for the reverse
recombination reaction appropriate to VFD is that developed

by Boyd.8 All other chemical reactions, i.e., ionization and
exchange reactions are simulated using the steric factor de-
veloped by Bird.15 The inclusion of electrons in the simulation
is discussed in detail in Ref. 16.

Chemical Rate Coefficients
The rate coefficients employed in the reactions of interest

in the present study are given in Table 2. These are described
in the usual Arrhenius form

k(T) = aTh

where a and b are empirically determined constants, Ea is the
activation energy, and T is the controlling temperature. Three
different sets of coefficients are given corresponding to those
used 1) in the continuum code, 2) in previous DSMC inves-
tigations, and 3) in the present DSMC code. The values of
the activation energy used in the three sets of rate data are
unchanged for each separate reaction. Therefore, the expo-
nential term in the Arrhenius form has been omitted from Ta-
ble 2.

The rate expressions employed in the continuum code are
those recommended in the review by Park et al.2 Generally,
only the forward rate constants are specified. In the dissocia-
tion reactions — reactions 1 and 2 — the controlling temper-
ature in the continuum two-temperature approach is given by
Ta — (7TV)1/2. For nitrogen dissociation, the particle code
employs the rates of Byron17 in the VFD model. It was pre-
viously shown by Boyd8 that these rates, when used with the
VFD model, are capable of reproducing vibration-dissociation
coupling observed at high temperatures.

The reverse rates for each reaction are obtained by eval-
uating the following temperature-dependent form for the
equilibrium constants proposed by Park1:

A2 AJz + A5/z2

where the Aj are constants and z = 10,000/7. In the contin-
uum code, the values of Ai for reaction 3 are obtained from
Ref. 18, while those for reaction 4 are taken from Ref. 1.
Unfortunately, this form for the equilibrium constant is not
mathematically convenient for implementation in the DSMC
chemistry models. However, a set of reverse reaction rates
for use in DSMC has been determined by Bird,19 and these
have been used in a number of studies. These reverse reaction
rates are determined by calculating an equilibrium constant
in which the exponential terms in the electronic partition func-
tions are evaluated at a temperature of 11,000 K. It is possible
to compute the equilibrium constants employed by Bird by
considering the ratio of the forward and reverse rates for each
reaction. This has been performed for reactions 3 and 4 of
Table 2. The equilibrium constant employed by Bird and that
used in the continuum code are shown as a function of tem-
perature for reaction 3 in Fig. 1. It should be noted that the
exponential term has again been omitted for the sake of sim-
plicity. For this reaction, it is found that the equilibrium con-
stant employed by Bird is about two orders of magnitude
higher than the continuum expression. Review of this article
led to the discovery of an error in the reverse reaction rate
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Fig. 1 Variation of the equilibrium constant with temperature for
reaction 3.

published in Ref. 19 for reaction 3b. The correct value20 for
the temperature exponent should be -0.18 instead of -0.52.
In reaction 4, the equilibrium constant used by Bird gives
values which are again generally higher than the continuum
model.

It is to be noted that the goal of the present study is to
evaluate differences in the chemical models employed in the
continuum and particle methods. To limit the number of fac-
tors involved in the comparisons, it is our aim to maintain
consistency between the relaxation rates employed in the so-
lution techniques. Therefore, a form for the equilibrium con-
stant which takes the traditional Arrhenius form is curve-fitted
as a function of temperature to Park's expression. The limi-
tation on the Arrhenius form which may be used conveniently
in Bird's expression for the probability of chemical reaction15

is discussed by Boyd and Stark.21 The curve fit for reaction
3 is also shown in Fig. 1. The resulting rate constants for the
reverse direction for reactions 3 and 4 are listed in Table 2.
Generally, good agreement is obtained between the new DSMC
expressions and Park's results, particularly over the temper-
ature range of interest, i.e., from 5000 to 20,000 K.

For reaction 5, the temperature-dependent form proposed
in Ref. 2 is not convenient for use in the DSMC chemistry
models. In comparing the forward rate constants employed
by Park and Bird for this reaction, it is noted that Bird's
reaction rates are several orders of magnitude lower. Once
again, a curve fit is made to Park's expression in an Arrhenius
form which may be employed in the particle chemistry models.
The new form, which is given in Table 2, gives closer cor-
respondence to Park's results over the temperature range of
interest. Further analyses have been performed which im-
prove the correspondence between the chemical rates em-
ployed in continuum and particle simulation for all reactions
in air involving charged species, and they are reported in Ref.
16.

Presentation of Results
Computations are performed for four different sets of flow

conditions for normal shockwaves in pure nitrogen, and these
are listed in Table 1 in which subscripts 1 and 2 indicate
upstream and downstream conditions, respectively. The up-
stream temperature is prescribed to be 300 K for all cases.
The upstream density together with the length of the com-
putational domain simulated are chosen such that the flows
are in the near-continuum regime. In other words, Knudsen
number is small enough that the thickness of the shockwave
is small compared to relaxation distance behind the shock.
The different upstream flow conditions also provide increas-
ing enthalpy: thus, the flow behind the shock is characterized
in case 1 by vibrational relaxation processes, in case 2 by weak
dissociation, in case 3 by strong dissociation, and in case 4 by
weak ionization. The conditions in cases 2 and 3 correspond
to those investigated experimentally by Kewley and Hor-
nung.22 The results for each of these investigations are de-
scribed in the following subsections. The numerical param-
eters chosen for each DSMC computation followed the usual

guidelines in setting the cell size less than the mean free-path
and the time-step to be a fraction of the mean time between
collisions. The cell size criterion is relaxed in regions far be-
hind the shock-front where flow gradients are less severe. In
each case considered, the number of computational cells is
1000, and the number of simulated particles is maintained at
about 100,000.

Case 1: Vibrationally Relaxing Flow
Density profiles for the first case investigated are shown in

Fig. 2. Very good agreement is found between the continuum
and particle simulation results. Two different DSMC com-
putations are shown; the first corresponds to the use of the
Borgnakke-Larsen (BL) approach for performing the me-
chanics of vibrational energy exchange with a constant num-
ber of vibrational degrees of freedom (DOF) £v = 1.6. This
value corresponds closely to that evaluated at the downstream
equilibrium temperature. The second solution employed the
discrete vibrational energy sampling approach for the simple
harmonic oscillator (SHO) of McDonald7 which automatically
varies £v. This is the first time that a comprehensive com-
parison is made between continuum and particle simulations
for vibrational relaxation behind a strong shock. It is very
encouraging to observe that, under near-continuum condi-
tions, the two methods give such close agreement.

The variation in translational and vibrational temperatures
for this case are shown in Fig. 3. The particle solutions are
obtained with McDonald's variable £v, model. Once again,
very good agreement is obtained between the two solution
techniques. Temperature is generally a much more sensitive
quantity to simulate than density. The close correspondence
between the continuum and particle results indicates that the
vibrational relaxation models of both approaches are very
nearly equivalent. This comparison, therefore, lends strong
support to the use in the particle simulation of the vibrational
energy exchange probabilities developed for the DSMC
method,11 the correction term required to equate the contin-
uum and particle relaxation rates,13 and the mechanics of
vibrational energy exchange.12 It should be noted that the
degree of dissociation under these flow conditions is less than
1%.

——— Continuum
A Particle (BL)
V Particle (SHO)

1 2
Distance (cm)

Fig. 2 Comparison of continuum and particle solutions of the local
to upstream density ratio for case 1.
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Fig. 3 Comparison of continuum and particle solutions of the trans-
lational and vibrational temperatures for case 1.
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Case 2: Weakly Dissociating Flow
The second set of conditions considered has an increased

enthalpy which gives rise to weak dissociation behind the
shock. This case is of additional interest, as it was studied
experimentally by Kewley and Hornung22 who employed in-
terferograms to measure the variation in density behind strong
shocks of nitrogen. The increase in enthalpy is revealed in
the density profiles shown in Fig. 4 in which the normalized
density rise reaches a value of about 10 at the downstream
boundary. While both solutions give good agreement with the
experimental data, it is clear that the particle solution provides
the better correspondence. The DSMC profile is obtained
with the variable £v model. Comparison of the translational
and vibrational temperatures computed through the shock are
shown in Fig. 5. Again, a very good agreement is observed
for the two sets of results. Considering the excellent agree-
ment obtained in Fig. 5 between the continuum and particle
methods, and also for the case of vibrational relaxation, it is
concluded that the differences observed in Fig. 4 must be due
to the dissociation models employed in each simulation tech-
nique. This indicates that the continuum two-temperature model
gives a dissociation rate which is slightly slower than that of
experiment and DSMC. In other words, for a weakly disso-
ciating gas, the effect of vibrational relaxation on dissociation
is overestimated in Park's two-temperature model.

The results for the mole fractions of molecular and atomic
nitrogen are shown in Fig. 6. As expected from the previous

12

s
CO

EC

• Experiment
——— Continuum

D Particle (VFD, <|>=2)

0.0 0.1 0.2
Distance (cm)

0.3

Fig. 4 Comparison of continuum and particle solutions of the local
to upstream density ratio for case 2.

comparisons, there is close agreement between the two nu-
merical approaches with DSMC predicting slightly more dis-
sociation than is obtained in the continuum solution.

Case 3: Strongly Dissociating Flow
The further increase in enthalpy for case 3 gives rise to

stronger dissociation effects. Once again, the flow conditions
modeled match those considered experimentally by Kewley
and Hornung.22 The experimental profile of density behind
the shock is compared with the computational results in Fig.
7. The comparison between the continuum solution and the
experimental data is excellent. The DSMC profile is computed
using the variable fv model and </> = 2. With this model
configuration, the particle method provides excellent agree-
ment with both the experiment and the continuum solution.
It should be noted that this is the DSMC model configuration
employed in the computations for case 2.

The translational and vibrational temperature profiles com-
puted with the continuum and DSMC techniques are shown
in Fig. 8. Generally, very good agreement is observed between
the two. There is a noticeable difference in the peak vibra-
tional temperatures computed by the two methods. This has
quite significant implications for the estimation of radiative
emission in such flows. The difference is attributable to dis-
sociation-vibration coupling, i.e., how the vibrational energy
distribution is affected by dissociation. This process is mod-
eled quite differently in the continuum and particle ap-
proaches. These results indicate the need for experimental
measurement of vibrational temperature profiles behind shock
waves under conditions similar to those considered here. For
completeness, the profiles of mole fractions of the neutral
species are shown in Fig. 9. The stronger degree of dissocia-
tion for these flow conditions is very evident and, as expected,
very good agreement is found between the two solutions.

For this strongly dissociating case, it is found that Park's
two-temperature model reproduces the experimental data very
well. It is very encouraging that the two-temperature model
gives such a favorable comparison with the experimental data
in strongly dissociating flow as this is the regime for which
the model has been developed. Indeed, the present compar-
ison arguably provides the strongest evidence to date that,
despite its weak theoretical basis, the two-temperature model
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Fig. 5 Comparison of continuum and particle solutions of the trans-
lational and vibrational temperatures for case 2.
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Fig. 7 Comparison of continuum and particle solutions of the local
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Fig. 6 Comparison of continuum and particle solutions of the species
mole fractions for case 2.
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Fig. 11 Comparison of continuum and particle solutions of the trans-
lational and vibrational temperatures for case 4.
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Fig. 10 Comparison of continuum and particle solutions of the local
to upstream density ratio for case 4.

does produce adequate simulation of strongly coupled vibra-
tion-dissociation processes. The present investigation is unique
in that evaluation of the model is performed through direct
comparison with experimental measurements of a fundamen-
tal flow quantity. The model was previously calibrated against
experimental data by Park1 through comparison with radia-
tion emission spectra, and by Candler23 through comparison
with shock standoff distance. Due to the excellent compari-
sons between DSMC and experiment in Figs. 4 and 7, it is
recommended that McDonald's collision mechanics and the
VFD model with cf) = 2 be used for simulating nitrogen dis-
sociation with the particle method.

Case 4: Weakly Ionizing Flow
The increase in enthalpy for case 4 is sufficient to give rise

to significant ionization effects behind the shock. In perform-
ing the DSMC computations of the ionized flowfield, a steady-
shock solution is first obtained with the ionizing reactions
omitted. After reaching this point, the ionized species are
included, and a further short transient phase in the simulation
then allowed before sampling of flow properties is com-
menced. These procedures are adopted because the inclusion
of electrons in the flowfield requires a reduction in compu-
tational time-step by two orders of magnitude. To compute
the entire flowfield with such a small time-step would require
much larger computational resources. The comparison for
density profiles computed with the numerical techniques is
shown in Fig. 10. As with the previous case, good agreement
is obtained between the two solutions. The temperature pro-
files computed with the continuum and particle methods for
the translational and vibrational modes are compared in Fig.
11. The peak values for each energy mode are in good agree-
ment. It is observed that the translational temperature shock
computed with DSMC is thicker than the continuum result.
This is due to the relatively low upstream density employed
in this investigation. A more thorough analysis of such be-
havior will form the basis of future study. The computed
variations in mole fractions for the neutral species obtained
with the numerical techniques are compared in Fig. 12 and
those for the charged species are compared in Fig. 13. The
agreement which is generally obtained is very satisfactory.
This comparison verifies that the new forms of the reverse
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Fig. 12 Comparison of continuum and particle solutions of the neu-
tral species mole fractions for case 4.
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Fig. 14 Charged species mole fractions for case 4: particle simulation
employed old chemical rate data.

reaction rates employed in the particle simulation are nearly
equivalent to the expressions used in the continuum analysis.
It should be noted that a degree of statistical scatter is ex-
hibited by the DSMC results for the less abundant species.

To assess the effect of using the new reaction rates, a par-
ticle simulation is also performed with the rate data used by
Bird.19 The variation in the mole fractions of the charged
species computed in this way are compared with the contin-
uum results in Fig. 14. None of the species profiles are found
to be in good agreement. With Bird's rates, the most populous
ion is N2

+, whereas the new particle rate data agrees with the
continuum solution in giving N+ as the most abundant ion.
With Bird's rate data, the mole fraction of electrons at the
downstream boundary is about 2.5 x 10~3, whereas the con-
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tinuum simulation gives a value of about 1.8 x 10~2. If it is
accepted that the rate coefficients provided in Refs. 1 and 2
are the more physically realistic, these large differences ob-
served with Bird's older data set must call into question pre-
vious DSMC investigations which employed those reaction
rates. As mentioned earlier, there has been a mistake in the
reverse rate for reaction 3 used by Bird.19 The temperature
exponent should be listed as -0.18 instead of the value of
- 0.52.20 This error is quite serious as it was included in codes
employed in a fairly large number of studies.

Concluding Remarks
This study was motivated by the requirement to evaluate

the relationship between continuum and particle simulations
of hypersonic flows in the near-continuum regime. The results
obtained in the investigation have established that a close
correspondence exists between the thermochemical nonequi-
librium models employed in these solution techniques. In the
case of vibrational nonequilibrium, the agreement between
the two sets of numerical results validated a number of recent
modeling developments for computing the rate and mechanics
of vibrational energy exchange in the particle simulation. In
the cases of weak and strong dissociation, both the continuum
and particle models for vibration-dissociation coupling were
successfully evaluated against experimental data. This is a
most interesting result, considering the large differences in
the dissociation models employed in the two techniques. In
the case of weakly ionized flow, it was necessary to develop
new forms for some of the chemical rate constants for use in
the particle simulation. These were developed so as to be
nearly consistent with the continuum expressions, and also to
be mathematically convenient for use in the particle chemistry
models. The next stage in this continuing investigation will
be the evaluation of these methods for flow conditions in the
transition regime, i.e., at higher Knudsen numbers. In such
flows, rarefaction effects may invalidate use of the Navier-
Stokes equations, and give rise to large differences between
the continuum and particle simulation results.
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